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Abstract
A ring R is called clean if every element is the sum of an idempotent and a unit, and R is called uniquely
clean if this representation is unique. These rings are related to the boolean rings: R is uniquely clean if and
only if R/J (R) is boolean, idempotents lift modulo J (R), and idempotents in R are central. It is shown
that if the group ring RG is uniquely clean then R is uniquely clean and G is a 2-group. The converse holds
if G is locally finite (in particular if G is solvable).
© 2006 Elsevier Inc. All rights reserved.
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Introduction
Units and idempotents are certainly basic elements in a ring. Rings in which every element is
the product of a unit and an idempotent are called unit regular, and have been extensively studied.
Surprisingly, every element of a unit regular ring can also be written as the sum of a unit and an
idempotent, a result due to Camillo and Khurana [1]. An element of a ring R is called clean if it
is the sum of an idempotent and a unit, and R is called a clean ring if every element is clean.
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ical is clean because if a ∈ R is clean then 1 − a is clean. Hence every local ring is clean; in
fact, Camillo and Yu [3] have shown that every semiperfect ring is clean. On the other hand,
every clean ring is an exchange ring [8], and this suggests investigating which modules have a
clean endomorphism ring. Remarkably, it turns out [2] that every continuous or discrete module
has a clean endomorphism ring, as does every Harada module M (that is M =⊕i∈I Mi where
end(Mi) is local for each i and the decomposition complements direct summands). These results
shed light on the important question when a module has the finite exchange property. For exam-
ple, it is shown in [2, Theorem 4.7] that a module with an indecomposable decomposition has a
clean endomorphism ring if and only if it has the finite exchange property.
Right self-injective rings are clean by [2]. If R is a right self-injective ring and G is a finite
group, we know that the group ring RG is clean (it is right self-injective by a theorem of Connell
[4, Theorem 4]). On the other hand, Z(7)C3 is not clean by [5] where Z(7) is the localization
of the ring Z of integers at the prime ideal (7) and |C3| = 3. Thus, for a clean ring R and a
finite group G with |G|−1 in R, the group ring RG need not be clean. This raises the following
question:
Question. If R is a ring and G is a group, when is the group ring RG clean?
This seems to be difficult in general, but we make some progress in the present paper for
a class of clean rings that is a natural generalization of the boolean rings (every element is an
idempotent).
It is easy to see that, in any ring, every central idempotent e = e2 is the sum of an idempotent
and a unit in exactly one way: e = (1 − e)+ (2e− 1). More generally, an element a ∈ R is called
uniquely clean if it is clean and, whenever a = e + u where e2 = e and u−1 ∈ R, these elements
e and u are uniquely determined by a. The ring R is called a uniquely clean ring if every element
is uniquely clean. Hence every boolean ring is uniquely clean because central idempotents are
always uniquely clean. These uniquely clean rings are a natural generalization of the boolean
rings and their structure is well understood. In fact, they are studied in detail in [9,10], and the
following theorem collects the facts we will need.
Theorem 1. In the following, J (R) denotes the Jacobson radical of the ring R.
(1) [9, Theorem 15] A ring R is local and uniquely clean if and only if R/J (R) ∼= Z2.
(2) [9, Theorem 22] Every image of a uniquely clean ring is again uniquely clean.
(3) [9, Theorem 20] A ring R is uniquely clean if and only if for all a ∈ R there exists a unique
idempotent e ∈ R such that e − a ∈ J (R).
(4) [9, Theorem 20] A ring R is uniquely clean if and only if R/J (R) is boolean, idempotents
lift modulo J (R), and idempotents in R are central.
Our interest here is in when a group ring RG is uniquely clean, and we obtain three main
results:
(1) If RG is a uniquely clean ring, then R is uniquely clean and G is a 2-group (Theorem 5).
(2) If R is a uniquely clean ring and G is a locally finite 2-group, then RG is uniquely clean
(Theorem 12).
(3) If G is solvable, the group ring RG is uniquely clean if and only if R is a uniquely clean ring
and G is a 2-group (Theorem 13).
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to have the same unity as R. We write Cn for the cyclic group of order n. The ring of integers is
denoted Z, and we write Zn for the ring of integers modulo n. We denote the Jacobson radical
of a ring R by J = J (R), and Mn(R) stands for the ring of n × n matrices over R. The order
of an element g in a group is denoted o(g). If G is a group then RG denotes the group ring
with coefficients from R. We denote the augmentation ideal of RG by (RG) and recall that
RG/(RG) ∼= R. The group G is called a torsion group if every element has finite order. If p is
a prime, g is called a p-torsion element if o(g) = pk for some k  0, and G is called a p-group
if every element is p-torsion.
Necessary conditions for RG to be clean
We are going to prove first that if a group ring RG is uniquely clean then R is uniquely clean
and G is a 2-group (that is every element has order a power of 2). We begin with some examples
that will be used later. A ring R (or a group G) is called locally finite if every finitely generated
subring (subgroup) is finite. Examples: boolean rings; finite groups and torsion abelian groups.
Example 2. If R is a locally finite ring and G is a locally finite group then RG is clean.
Proof. Let w = ∑aigi ∈ RG. Then w ∈ R0G0 where R0 is the subring of R generated by
the ai , and G0 is the subgroup generated by the gi . Since R0G0 is a finite ring it is clean (it is
semiperfect—see [3]). Thus w is clean in R0G0, and hence in RG. 
We will need the following example of a situation where RG is not uniquely clean.
Example 3. Let R be a ring and let G = {1} be a locally finite group in which every finite
subgroup has odd order. Then RG is not uniquely clean.1
Proof. Assume on the contrary that RG is uniquely clean and write R¯ = R/J . Since R is an
image of RG, it is uniquely clean by Theorem 1(2). Hence R¯ = R/J is boolean by Theorem 1(4).
By hypothesis, each finite subgroup H of G has odd order, and so |H | is a unit in R¯. This means
that R¯G is von Neumann regular by [4, Theorem 3]. But R¯G is also uniquely clean (image of
RG) and it follows that R¯G is boolean, again by Theorem 1(4). This is a contradiction because
G = {1}. 
Lemma 4. If R is any ring and G is a locally finite group then J (R)G ⊆ J (RG).
Proof. Since JG is an ideal of RG, it suffices to show that 1 + x has a right inverse in RG
whenever x ∈ JG. Since G is locally finite, x ∈ JG0 where G0 is a finite subgroup of G, and it
suffices to show that 1 + x is right invertible in RG0. Write G0 = {1 = g0, g1, . . . , gn} and let
x =∑aigi where each ai ∈ J . Hence 1 + x =∑a′igi where a′0 = 1 + a0 and a′i = ai for i  1.
If y =∑ sigi ∈ RG0, then (1 + x)y = 1 if and only if
n∑
k=0
( ∑
gigj=gk
a′i sj
)
gk = 1; equivalently
∑
gigj=gk
a′i sj =
{
1 if k = 0,
0 if k > 0.
1 This extends [9, Theorem 24(2)] and corrects an error in that proof.
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(1+a0)sk , so these equations take the matrix form (In+1 +A)S = K where S = [s0, s1, . . . , sn]T ,
K = [1,0, . . . ,0]T , and A ∈ Mn+1(J ) = J [Mn+1(R)]. Hence In+1 + A is invertible, and so y
exists. 
In fact, Connell [4, Proposition 9] shows that J (R) = J (RG) ∩ R for any ring R and locally
finite group G. However, for completeness we include the above simple proof in the case we
need.
Our first main result depends on the easily verified fact that if R is a uniquely clean ring and
S ⊆ R is a subring, then S is uniquely clean if and only if S is clean.
Theorem 5. Let R be a ring and let G be a group. If RG is uniquely clean then R is uniquely
clean and G is a 2-group.
Proof. By Theorem 1, R is uniquely clean (image of RG), so R/J is boolean. Hence Z2 is an
image of R, whence Z2G is uniquely clean (image of RG). If g ∈ G has finite order 2km where
m is odd, then h = g2k ∈ G has order m. Hence Z2〈h〉 is clean by Example 2, and so is uniquely
clean by the remark preceding this theorem. This contradicts Example 3 if m 3, so o(g) = 2k .
Thus it remains to show that G contains no element of infinite order.
Suppose that o(g) = ∞, g ∈ G, and let F = {H  G | o(gH) = ∞ in G/H }. Then F is
inductive so let L be maximal in F by Zorn’s lemma. Writing G¯ = G/L we see that Z2G¯ is
uniquely clean (image of Z2G) and contains an element g¯ = gL of infinite order.
Claim. The only idempotents in Z2G¯ are in Z2.
Proof. If x2 = x ∈ Z2G¯ then x is central (by Theorem 1(4), because Z2G¯ is uniquely clean)
so, by a result proved independently in 1970 by Bovdi-Mihovski, Burns, and Passman (see [11,
Section 4, Theorem 3.8]), 〈supp(x)〉 is a finite normal subgroup of G¯ (here 〈supp(x)〉 is the
subgroup of G¯ generated by the elements of G¯ occurring in x). Write 〈supp(x)〉 = K/L where
L ⊆ K  G. Now observe that o(gK) = ∞ in G/K . [Indeed, if (gK)n = K then gn ∈ K so
(gnL)m = L where |K/L| = m. This means that g¯nm = (gL)nm = L, a contradiction.] Thus
L = K by the maximality of L, so |〈supp(x)〉| = 1. Hence x ∈ Z2, as required. This proves the
claim. 
Because Z2G¯ is uniquely clean it follows from the claim that Z2G¯ is a local ring. But then G¯
must be torsion by the theorem in [7], a contradiction. 
Some sufficient conditions for RG to be clean
We do not know an example of a uniquely clean group ring RG where G is not locally finite.
However if we assume that G is locally finite, we get a converse to Theorem 5. The proof requires
a number of preliminary lemmas.
A family of subsets {Xi | i ∈ I } of a set X is called a direct cover of X if X =⋃i∈I Xi and,
for any i, j ∈ I , there exists k ∈ I such that Xi ∪Xj ⊆ Xk . Clearly a locally finite ring (group) is
directly covered by its finite subrings (finite subgroups). The following result will be used several
times.
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of subrings and subgroups, respectively, and if RiGj is clean (uniquely clean) for all i and j ,
then RG is clean (uniquely clean).
Proof. If r ∈ RG then r ∈ RiGj for some i and j , so r is clean in RiGj , and hence in RG.
Suppose that x = e + u = f + v in RG where e2 = e, f 2 = f , and both u and v are units in RG.
Then, x, e, f,u,u−1, v and v−1 are all in RiGj for some i and j , so e = f and u = v because
RiGj is uniquely clean by hypothesis. 
Lemma 7. If G is a finite 2-group then Z2G is a local, uniquely clean ring and J (Z2G) =
(Z2G).
Proof. We have Z2G/(Z2G) ∼= Z2 so (Z2G) is a maximal ideal. But Z2G is a local ring
by the theorem in [7], and hence J (Z2G) = (Z2G). So Z2G is uniquely clean by Theo-
rem 1(1). 
Corollary 8. Let D be a division ring and let G be a locally finite group. Then DG is uniquely
clean if and only if D ∼= Z2 and G is a 2-group.
Proof. If DG is uniquely clean, so is D, hence D ∼= Z2 because D is local. The group G is a
2-group by Theorem 5. Conversely, G is directly covered by its finite subgroups (by hypothesis)
so, by Lemma 6, we may assume that G is a finite 2-group. Now Lemma 7 applies. 
Lemma 9. If R is a boolean ring and G is a locally finite group, then RG is uniquely clean if and
only if G is a 2-group.
Proof. If RG is uniquely clean then G is a 2-group by Theorem 5. For the converse, observe that
G is directly covered by its finite subgroups and R is directly covered by its finitely generated
subrings. Hence by Lemma 6 it suffices to show that SH is uniquely clean whenever H is a
finite 2-group and S is a finitely generated boolean ring. But then S ∼= (Z2)m for some m, and so
SH ∼= (Z2H)m is uniquely clean by Lemma 7. 
Lemma 10. If R/J is boolean, G is a locally finite 2-group, and ω : RG → R is the augmentation
map, then J (RG) = {x ∈ RG | ω(x) ∈ J (R)}.
Proof. Write A = {x ∈ RG | ω(x) ∈ J (R)}. Then ω(J (RG)) ⊆ J (R) because ω is an onto ring
morphism. Thus J (RG) ⊆ A. Because G is locally finite, Lemma 4 gives JG ⊆ J (RG), and so
J (RG/JG) = J (RG)/JG. Hence
RG
J (RG)
∼= RG/JG
J (RG)/JG
= RG/JG
J (RG/JG)
∼= R¯G
J (R¯G)
,
where R¯ = R/J . Since R¯ is boolean, R¯G is uniquely clean by Lemma 9. Hence RG/J (RG) is
boolean, and so 1−g ∈ J (RG) for all g ∈ G. Now let x ∈ A and write x =∑i rigi . Then∑ ri =
ω(x) ∈ J (R), and so x =∑i ri(gi − 1)+ω(x) ∈ J (RG). This shows that A ⊆ J (RG). 
We now come to a crucial result.
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G is a locally finite 2-group then every idempotent in RG is in R.
Proof. Because G is locally finite, we may assume that it is a finite 2-group, say |G| = 2n. The
proof is by induction on n 0. The case n = 0 is clear. If n = 1 write G = 〈g〉 where g2 = 1. If
x2 = x = a+bg in RG then applying the augmentation homomorphism gives a+b = e = e2 ∈ R
so e is central. In particular, ea = ae, whence ab = ba. But then x = x2 = (a2 + b2) + 2abg,
so b = 2ab, whence (1 − 2a)b = 0. But 1 − 2a is a unit (as 2 ∈ J ), so this gives b = 0, and we
obtain x = a ∈ R.
If n > 1, the center Z(G) = {1} because G is a 2-group, so choose g ∈ Z(G) with o(g) = 2. If
K = 〈g〉 then K G and |G/K| = 2n−1. Given h ∈ G write h¯ = hK ∈ G¯ = G/K , and let G¯ =
{g¯0, g¯1, . . . , g¯s} where s = 2n−1 −1 and, for convenience, g0 = 1. As the elements g¯0, g¯1, . . . , g¯s
are distinct, the elements of G can be listed as follows:
G = {g0, g1, . . . , gs, gg0, gg1, . . . , ggs}.
Define θ : RG → RG¯ by ∑h∈G rhh →∑h∈G rhh¯. Then θ is an onto ring morphism. Given x =
x2 ∈ RG, write
x = a0g0 + a1g1 + · · · + asgs + g(b0g0 + b1g1 + · · · + bsgs)
with ai, bi ∈ R. Then θ(x) = (a0 + b0) + (a1 + b1)g¯1 + · · · + (as + bs)g¯s is an idempotent in
RG¯. By induction, a0 + b0 is an idempotent in R, and bi = −ai for each i  1. Write e = a0 + b0
so that e is central in R by hypothesis, and we get
x = e − b0(1 − g)g0 + a1(1 − g)g1 + · · · + as(1 − g)gs.
If we write f = 1 − g, c0 = −b0, and ci = ai for i  1, this has the form x = e + z where
z = c0fg0 + c1fg1 + c2fg2 + · · · + csfgs =
s∑
i=0
cifgi .
It suffices to show that ci = 0 for every i.
Claim. fgiz =∑sj=0 dij fgj for i = 0,1, . . . , s, where dij ∈ J = J (R) for all i and j .
Proof. Note first that f ∈ Z(RG), f 2 = 2f and fg = −f . Observe that either gigj = gk or
gigj = ggm where 0 k, m s and both k and m depend on i and j . It follows that fgigj = fgk
or −fgm, respectively. Thus fgiz =∑sj=0 fgicjfgj =∑sj=0 cjf 2gigj =∑sj=0 cj (2f )gigj ,
and the claim follows because 2 ∈ J . 
Because x = e+ z, we have (e+ z) = (e+ z)2 = e+ 2ez+ z2, whence (1 − 2e)z = z2. Write
u = 1 − 2e. Then u is central in R, u2 = 1, and we get z = uz2. Using the claim, we obtain:
z2 =
[
s∑
cifgi
]
z =
s∑
ci(fgiz) =
s∑
ci
(
s∑
dijfgj
)
=
s∑[ s∑
cidij
]
fgj .i=0 i=0 i=0 j=0 j=0 i=0
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. . . , fgs} is R-linearly independent). If we write c = (c0, c1, . . . , cs), this reads c = cA where
A = [udij ] ∈ Ms+1(J ) = J [Ms+1(R)]. It follows that c = 0, so z = 0, whence x = e+z = e ∈ R.
This is what we wanted. 
Remark 1. The assumption in Lemma 11 that 2 ∈ J (R) cannot be removed.
Indeed if R = Z3 and G = C2 = 〈g〉 then 2 /∈ J (R) and, writing x = −1 + g, we have x2 = x
but x /∈ R.
Remark 2. The assumption in Lemma 11 that every idempotent in R is central cannot be re-
moved.
Let R = M2(Z2), let G = C2 = 〈g〉, and define x ∈ R by x =
[ 0 0
0 1
]+ [ 0 10 0 ]g. Then 2 ∈ J (R)
and x2 = x, but x /∈ R.
We can now prove the main result of this paper.
Theorem 12. If R is a ring and G is a locally finite group, then RG is uniquely clean if and only
if R is uniquely clean and G is a 2-group.
Proof. If RG is uniquely clean the result follows from Theorem 5.
For the converse, we apply Theorem 1(3): if x ∈ RG we must find a unique y = y2 ∈ RG such
that x−y ∈ J (RG). Let ω : RG → R denote the augmentation morphism. Because ω(x) ∈ R and
R is uniquely clean, there is a unique e = e2 ∈ R such that ω(x)− e ∈ J (R). Hence ω(x − e) =
ω(x) − e ∈ J (R), so it follows from Lemma 10 that x − e ∈ J (RG). It remains to show that e is
the only such idempotent in RG. Suppose that z2 = z ∈ RG satisfies x − z ∈ J (RG). Then z ∈ R
by Lemma 11, so ω(x)− z = ω(x)−ω(z) = ω(x − z) ∈ J (R). Now the uniqueness of e shows
that z = e, and the proof is complete. 
If G is a group, let G′ denote the derived subgroup of G. Write G(0) = G, G(1) = G′, and, for
each i  0, define G(i+1) = (G(i))′. Then the series G = G(0) ⊇ G(1) ⊇ G(2) ⊇ · · · is called the
derived series of G, and G is called solvable if G(n) = {1} for some n. With this we can state our
last theorem.
Theorem 13. Let G be a solvable group, and let R be a ring. Then RG is uniquely clean if and
only if R is uniquely clean and G is a 2-group.
Proof. If RG is uniquely clean, the conditions follow from Theorem 5. Conversely, assume that
R is uniquely clean and G is a 2-group, and let
G = G(0) ⊇ G(1) ⊇ G(2) ⊇ · · · ⊇ G(n) = {1}
be the derived series for G. Then G(i)  G and G(i)/G(i+1) is abelian for each i. Hence
G(i)/G(i+1) is locally finite for each i (it is an abelian 2-group). Because extensions of locally
finite groups are again locally finite [6, Lemma 1.A.2, p. 2], it follows that G is locally finite.
Now Theorem 12 shows that RG is uniquely clean. 
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